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Eletroni properties of bilayer and multilayer graphene have generally been interpreted in terms
of AB or Bernal staking. However, it is known that many types of staking defets an our
in natural and syntheti graphite; rotation of the top layer is often seen in sanning tunneling
mirosopy (STM) studies of graphite. In this paper we onsider a graphene bilayer with a relative
small angle rotation between the layers and alulate the eletroni struture near zero energy in a
ontinuum approximation. Contrary to what happens in a AB staked bilayer and in aord with
observations in epitaxial graphene we nd: (a) the low energy dispersion is linear, as in a single
layer, but the Fermi veloity an be signiantly smaller than the single layer value; (b) an external
eletri eld, perpendiular to the layers, does not open an eletroni gap.
Introdution. Graphene is a two-dimensional (2D)
arbon material, whih takes the form of a planar hon-
eyomb lattie of sp2 bonded arbon atoms. It an be
onsidered as a building blok for other allotropes of ar-
bon, suh as graphite, fullerenes, and arbon nanotubes
and it was rst isolated by miro-mehanial leavage of
graphite in 2004 [1, 2℄. This method also produes sam-
ples omposed of two (bilayer) or more atomi layers of
graphene (few layer graphene, FLG). FLG samples an
also be grown epitaxially by thermal deomposition of
the surfae of SiC [3℄.
Single layer (SLG) and bilayer (BLG) graphene are
both gapless semi-metals, if undoped, but whereas arri-
ers in SLG have linear dispersion (leading to Dira ones
in energy momentum spae)[4℄, in BLG the dispersion
is quadrati [5℄. The quantization rules for the integer
quantum Hall eet are dierent for SLG [4, 6, 7℄ and
BLG [8℄. A ontrollable gap an be opened with an exter-
nal eletri eld in BLG, a fat that makes it partiularly
interesting for appliations [9, 10℄.
The properties of BLG have been interpreted under
the assumption that the staking of the two layers takes
the form of AB or Bernal staking, the most ommon
in graphite. Nevertheless, AB staking is not the only
form of staking found in graphite. Naturally ourring
and syntheti (HOPG) rystals usually present a variety
of defets whih aet staking order in the c diretion.
Turbostrati graphite is modeled by staking graphene
layers with random relative translations and rotations
[11℄; rotation of the top layer with respet to the bulk is
quite ommon in the surfae of graphite and results in the
formation of superlatties learly seen in STM images as
Moire patterns [12, 13℄. Reent detailed strutural stud-
ies of epitaxially grown FLG [14℄ rule out AB staking
and reveal the presene of signiant orientational disor-
der of the graphene with respet to the underlying SiC
substrate [15℄. The inuene of the type of staking on
the eletroni struture in multilayer graphene has been
stressed by Guinea et al. [16℄.
In this work we disuss the eletroni struture of a
bilayer with a relative, small-angle, rotation of the two
graphene planes. We derive angles for the formation of
periodi Moire superlatties and formulate a ontinuum
eletroni desription in terms of massless Dira fermions,
oupled by a slowly varying periodi inter-layer hopping.
We nd a low energy eletroni struture quite dier-
ent from that of AB staked bilayer, with massless Dira
fermions, but with a Fermi veloity (vF ) substantially re-
dued with respet to SLG. Moreover, we show that an
external eletri eld does not open a gap in the eletroni
spetrum. These results are all in aord with observa-
tions in epitaxially grown graphene, whih reveal muh
the same eletroni behavior as SLG in angle resolved
photoemission (ARPES) [15, 17, 18℄, transport [19℄, and
infrared spetrosopy [20℄ and display systematially re-
dued values of vF relative to SLG [21℄.
Geometry. The two sublatties in layer 1 are denoted
by A and B and in layer 2 by A′ and B′. In an AB staked
bilayer A and B′ atoms have the same horizontal posi-
tions, ia1+ ja2 (i, j integers), where a1 = (1/2,
√
3/2)a0,
a2 = (−1/2,
√
3/2)a0 are the Bravais latties basis ve-
tors and a0 (≈ 2.46Å) is the lattie onstant. The SLG
Dira points are loated at K = −K′ = (4π/3, 0)/a0.
The vertial displaement between the layers is c0 (≈
3.35Å).
For simpliity we onsider rotations of layer 2 about a
site oupied by a B′ atom (diretly opposite an A atom,
in the c diretion): a ommensurate struture is obtained
if a B′ atom is moved by the rotation to a position for-
merly oupied by an atom of the same kind. The Moire
pattern is periodi and the translation from the origin
(enter of rotation) to the B′ atom's urrent position is
a symmetry translation. From this we an derive a on-
dition for the angle θi of a ommensurate rotation:
cos(θi) =
3i2 + 3i+ 1/2
3i2 + 3i+ 1
, i = 0, 1, 2 . . . . (1)
2The superlattie basis vetors are:
t1 = ia1 + (i+ 1)a2 ,
t2 = −(i+ 1)a1 + (2i+ 1)a2 , (2)
(i = 0 is an AA staked bilayer). The lattie onstant
of the superlattie is L = |t1| =
√
3i2 + 3i+ 1 a0. STM
measurements of the surfae of graphite [13℄ observed
superlaties with periods of L = 66Å and angles θ = 2.1o
orresponding to i = 15 in (1) and a unit ell with 2884
atoms, making ab initio desriptions rather impratial.
The reiproal lattie vetors are:
G1 =
4π
3 (3i2 + 3i+ 1)
[(3i+ 1)a1 + a2] , (3)
G2 =
4π
3 (3i2 + 3i+ 1)
[− (3i+ 2)a1 + (3i+ 1)a2] .(4)
Continuum desription. The Hamiltonian for the bi-
layer with a twist has the form H1 +H2 +H⊥, with the
intra-layer Hamiltonian, H1+H2, given by (we use units
suh that ~ = 1):
H1 = −t
∑
i
c†A(ri) [cB(ri + s0) + cB(ri + s0 − a1)
+ cB(ri + s0 − a2)] + h.c. , (5)
H2 = −t
∑
j
c†B′(rj) [cA′(rj − s′0) + cA′(rj − s′0 + a′1)
+ cA′(rj − s′0 + a′2)] + h.c., (6)
where cα(r) is the destrution operator for the state in
sublattie α at horizontal position r; α = A,B in layer 1
and α = A′, B′ in layer 2; a′1 and a2
′
are obtained from a1
and a2 by a rotation by θ about the origin; ri = ma1+na2
for H1 and rj = ra′1 + sa′2 for H2 (m,n, r, s, integers);
s0 = (a1 + a2)/3 and s
′
0 = (a
′
1 + a
′
2)/3.
To study the low energy spetrum near the K (K′)
point, we go to the ontinuum limit, with the standard re-
plaement cα(r)→ v1/2c ψ1,α(r) exp(iK · r) where ψ1,α(r)
is a slowly varying eld on sale of the lattie onstant
(vc is the unit ell volume). Due to the rotation, the wave
vetor in layer 2 is shifted to Kθ = 4π(cos θ, sin θ)/(3a0),
so cα′(r) → v1/2c ψ2,α(r) exp(iKθ · r). For small angles of
rotation the modulation of inter-layer hopping has a long
wavelength and the oupling between dierent valleys (K
and K′) an be ignored. Hene, in the long-wavelength
limit the deoupled Hamiltonian an be written as:
H1 = vF
∑
k
ψ†1,kτ · kψ1,k , (7)
H2 = vF
∑
k
ψ2,k
†τθ·kψ2,k, (8)
where vF = at
√
3/2 and τ = (τx, τy) are Pauli matries.
The oordinate axes have been hosen to oinide with
those of layer 1, so the Hamiltonian of layer 2 involves a
extra rotation by θ, the angle between the two layers and
τθ = e+iθτz/2(τx, τy)e
−iθτz/2
.
To model the inter-layer oupling, H⊥, we retain hop-
ping from eah site in layer 1 to the losest sites of layer
2 in either sub-lattie. We denote by δβ
′α(r) the hori-
zontal (in-plane) displaement from an atom of layer 1,
sub-lattie α(α = A,B) and position r, to the losest
atom in layer 2, sub-lattie β′ (β′ = A′, B′). Denoting
by t⊥ (δ) the hopping between pz orbitals with a relative
displaement c0 + δ, one gets
H⊥ =
∑
i,α,β′
t⊥
(
δβ
′α(ri)
)
c†α(ri)cβ′
(
ri + δ
β′α(ri)
)
+ h.c.
(9)
where t⊥
(
δαβ(r)
) ≡ tαβ⊥ (r), is the inter-layer, position
dependent, hopping between pz orbitals with a relative
displaement c0 + δ; ∆K = K
θ −K is the relative shift
between orresponding Dira wavetors in the two layers;
φi,k,α = ψi,k±∆K/2,α is the Fourier omponent of ψi,α (r)
for momentum k±∆K/2, the plus sign applying in layer
1 and the minus one in layer 2. With this hoie, the
Dira elds φi,k,α with the same k vetor in both lay-
ers orrespond to the same plane waves in the original
lattie; the Dira ones our at k = −∆K/2 in layer 1
and ∆K/2 in layer 2. Replaing the operators in eq. (9)
with the Dira elds, using ψi,β(r + δ
βα(r)) ≈ ψi,β(r),
sine the Dira elds are slowly varying on the lattie
sale, and Fourier transforming, the low energy eetive
Hamiltonian, near K, is
H = vF
∑
k,αβ
φ†1,k,αταβ ·
(
k+
∆K
2
)
φ1,k,β
+ vF
∑
k,α,β
φ†2,k,ατ
θ
αβ ·
(
k− ∆K
2
)
φ2,k,β
+

∑
α,β
∑
k,G
t˜βα⊥ (G)φ
†
1,k+G,αφ2,k,β + h.c.

 . (10)
For ommensurate strutures, the funtion
tαβ⊥ (r) exp
(
iKθ · δαβ(r)) is periodi and has nonzero
Fourier omponents only at the vetors G of the
reiproal lattie :
t˜αβ⊥ (G) =
1
Vc
∫
vc
d2r tαβ⊥ (r)e
iKθ ·δαβ(r)e−iG·r. (11)
The integral is over the unit ell of the superlattie and it
will ultimately be alulated by a sum over the sites of the
Wigner-Seitz unit ell sine tαβ⊥ (r) is only dened at those
points. This Hamiltonian desribes two sets of relativisti
Dira fermions (with shifted degeneray points) oupled
by a periodi perturbation.
Fourier amplitudes of inter-layer oupling. To deter-
mine the hopping t⊥(δ) as a funtion of the horizontal
shift δαβ(r) we express it in the Slater-Koster parameters,
Vppσ(d) and Vpppi(d), where d is the distane between the
3/2
/2
−∆ K
∆ K
+G1 G2 G1
G2
K∆
Figure 1: First Brillouin zone (FBZ) of the super-lattie en-
tered at mid-point between Dira points K and K
θ
. Note
that the zero energy states of the two layers, k = −∆K/2
and k = ∆K/2, marked with ⊗, are half-way to the zone
boundary; ∆K is a vertex of the FBZ.
G 0 −G1 −G1 −G2
t˜BA⊥ (G) t˜⊥ t˜⊥ t˜⊥
t˜AB⊥ (G) t˜⊥ e
−i2pi/3 t˜⊥ e
i2pi/3t˜⊥
t˜AA⊥ (G) t˜⊥ e
i2pi/3 t˜⊥ e
−i2pi/3t˜⊥
t˜BB⊥ (G) t˜⊥ e
i2pi/3 t˜⊥ e
−i2pi/3t˜⊥
Table I: The most important Fourier amplitudes are shown
in this table (all others are smaller by at least a fator of
5 for angles smaller than 10
o
). The rst and seond lines
express exat results: t˜⊥ is real. In the last two lines there
are orretions to these results of order a0/L where L is the
period of the superlattie.
two atomi enters, d =
√
c20 + δ
2
. For the d dependene
of Vppσ(d) and Vpppi(d) we used the parametrization of
ref. [22℄. Vpppi(a0/
√
3), is the in-plane nearest neighbor
hopping, t, and Vppσ(c0) if the inter-layer hopping, t⊥, in
an AB staked bilayer. The ontribution of Vpppi turns
out to be negligible and t⊥(δ) is proportional to t⊥: for
δ = a0/
√
3, t⊥(δ)/t⊥ ≈ 0.4. We have alulated δαβ(r)
numerially for any angle of rotation. Using various sym-
metries and relations valid in the limit a0 ≪ L (small
angles) we were able to derive the results of Table I. The
values of t˜BA⊥ (G) are equal and real, by symmetry, for
G = 0, G = −G1 and G = −G1−G2 and muh smaller
for all other G vetors. The remaining Fourier ampli-
tudes an be expressed in terms of t˜BA⊥ (G).
Results and disussion. In the absene of the inter-
layer oupling, H⊥, states with energy lose to zero our
at k = −∆K/2 in layer 1 and k = +∆K/2 in layer 2.
The results of Table I imply that the states of momen-
tum k in layer 1 are oupled diretly only to states of
layer 2 of momentum k, k+ G1 and k+ G1 +G2; on-
versely the states of momentum k in layer 2 only ouple
to states k, k − G1 and k − G1 − G2. To investigate
the spetrum at a momentum k lose to zero energy,
we trunated the Hamiltonian to inlude only these six
−1 −0.5 0 0.5 1−0.3
−0.2
−0.1
0
0.1
0.2
0.3
−1 −0.5 0 0.5 1−0.4
−0.2
0
0.2
0.4
( 3 ∆ K/2)k/∆ Kk/
E
(e
V)
Figure 2: The energy ǫk of the two states with smaller |ǫk| for
θ = 3.90 (i = 8); panel (a): k varying form −∆K to ∆K (two
vertexes of the FBZ) along the line passing the degeneray
points, −∆K/2 to ∆K/2; panel (b): along a line parallel to
G2 passing ∆K/2.
momentum values (three for eah layer) giving a 12× 12
matrix to diagonalize. The geometry of the rst Brillouin
zone (FBZ) of the superlattie (g. 1) implies that the
states near the degeneray point in either layer ouple
only to states of energies ±vF∆K = ±vFK × 2 sin(θ/2)
where ∆K = |∆K| and K = 4π/(3a0). This turns out
to be the essential dierene between this problem and
that of the unrotated bilayer. In the latter, the degener-
ay points of both layers our at the same momentum
and the inter-layer hopping ouples two doublets of zero
energy states. In the present ase we have one doublet of
zero energy states oupling to three pairs of states at -
nite energies, ±vF∆K. As a result, the linear dispersion
near zero energy is retained. In Fig. 2 we plot the ener-
gies of the states with smallest |ǫk| along two lines in the
FBZ; the parameters are t⊥ = 0.27 eV [9℄ and θ = 3.9
0
(i = 8, L = 36Å), whih give vF∆K ≈ 0.76 eV and
t˜⊥ = 0.11 eV.
The persistene of the Dira ones an be understood
by onsidering the limit where t˜⊥/(vF∆K) ≪ 1 (in the
situation represented in g. 2, t˜⊥/(vF∆K) ≈ 0.14). Con-
sider, for instane, the viinity of the degeneray point
of layer 1, k = −∆K/2 + q. It is lear that the Hamil-
tonian H(k) has the form H(k) = H(−K/2)+V(q) with
V(q) linear in q. In H(−K/2), whih ontains the inter-
layer oupling, the doublet at zero energy ouples with
an amplitude ∼ t˜⊥ to six states (of layer 2) with ener-
gies ±vF∆K. Using perturbation theory one an derive
an eetive Hamiltonian in the spae of the zero energy
doublet by onsidering the mixing of these six states in
layer 2 to rst order in t˜⊥/ (vF∆K). The degeneray
is not lifted, although there is a small shift in energy,
ǫ0 = 6t˜
2
⊥ sin(θ/2)/(vF∆K). For small q we an treat
V(q) as a perturbation in the subspae of this doublet:
the eetive Hamiltonian matrix has the form harater-
isti of a Dira one
Heff =
[
ǫ0 v˜F q
∗
v˜F q ǫ0
]
with q = qx + iqy. To seond order in t˜⊥/vF∆K,
the renormalized Fermi veloity is given by v˜F /vF =
4−1 −0.5 0 0.5 1
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
∆ Kk/
E
(e
V)
Figure 3: The energy ǫk of the two sates with smaller |ǫk| in
the presene of a potential dierene V = 0.3 V between layers;
k varies from −∆K to ∆K (two vertexes of the FBZ) along
the line passing the degeneray points, −∆K/2 to ∆K/2; the
remaining parameters are the ones used in Fig. 2.
1 − 9 (t˜⊥/(vF∆K))2 . This signiant depression of
the value of the Fermi veloity v˜F relative to the value
of single layer graphene is a tell-tale sign of the pres-
ene of a bilayer with a twist. The perturbative results
slightly overestimates the downward renormalization of
vF , beause of the ontributions of higher order terms in
t˜⊥/ (vF∆K), espeially at smaller angles (smaller ∆K,
larger t˜⊥/ (vF∆K)). Ref. [21℄ reports several observa-
tions of values of vF in the range 0.7 ∼ 0.8×106 m s−1, in
epitaxial graphene, 20 to 30% lower than in single layers.
Another important onsequene of the rotation be-
tween layers ours when there is an eletri poten-
tial dierene between layers. To the Hamiltonian (10)
this adds a term Vext = −(V/2)
∑
k,α φ
†
1,k,αφ1,k,α +
(V/2)
∑
k,α φ
†
2,k,αφ2,k,α. It is known that in the AB
staked bilayer a gap opens in the spetrum in the pres-
ene of an external eletri eld between layers [9, 10℄.
However, it is lear from the disussion above that the
ones present in the bilayer with a twist are essentially
the Dira ones of eah layer perturbed by the admix-
ture of states of the opposing layer, whih are distant in
energy. As suh, we expet that a potential dierene
between the layers, V , should merely give rise to a rela-
tive shift of the energies of the degeneray points in eah
one, at least as long as V < vF∆K. This expetation is
borne by the results shown in Fig. 3; the Dira ones are
shifted but there is no gap in the spetrum.
The results of Table I imply that a small angle rotation
destroys the partile-hole symmetry of an AB staked bi-
layer (with hopping only between A and B′ atoms). The
Fermi level of an undoped sample need no longer be at
zero energy; in turbostrati graphite, for instane, it is
shifted to 0.11 eV [11℄. This alulation, being limited
to energies lose to zero, annot determine the absolute
position of the Fermi Level as a funtion of arrier on-
entration.
In onlusion, we presented a detailed geometrial de-
sription of a bilayer with a relative rotation between the
layers. We developed a ontinuum desription valid for
small angles of rotation and analyzed the energy spe-
trum lose to zero energy. We found that the Dira
ones of a single layer graphene remain present in the
bilayer, but with a signiant redution of the Fermi ve-
loity espeially for very small angles of rotation. A new
energy sale is introdued vF∆K = vFK × 2 sin(θ/2)
where K = 4π/(3a0) and θ is the angle of rotation; the
dispersion relation is only linear for energies suh that
|ǫk| < vF∆K. Unlike the ase of the AB staked bilayer,
a potential dierene between layers does not open a gap
in the spetrum. These results show that a small staking
defet suh as a rotation an have a profound eet on
the low energy properties of the bilayer and are in aord
with several observations in epitaxial graphene.
The authors would like to thank very useful disussions
with C. Berger, E. H. Conrad, A. Geim, P. Guinea, J.
Hass, W. de Heer, A. Lanzara and V.M. Pereira. JMBLS
and NMRP aknowledge nanial support from POCI
2010 via projet PTDC/FIS/64404/2006. A.H.C.N. was
supported through NSF grant DMR-0343790.
[1℄ K. S. Novoselov et al., Siene 306, 666 (2004).
[2℄ K. S. Novoselov et al., PNAS 102, 10451 (2005).
[3℄ C. Berger et al., J. Phys. Chem. B 108, 19912 (2004).
[4℄ K. S. Novoselov et al., Nature 438, 197 (2005).
[5℄ E. MCann and V. I. Fal'ko, Phys. Rev. Lett. 96, 086805
(2006).
[6℄ Y. B. Zhang et al., Nature 438, 201 (2005).
[7℄ N. M. R. Peres, F. Guinea, and A. H. Castro Neto, Phys.
Rev. B 73, 125411 (2006).
[8℄ K. S. Novoselov et al., Nature Physis 2, 177 (2006).
[9℄ E. V. Castro et al. (2006), ond-mat/0611342.
[10℄ E. MCann, Phys. Rev. B 74, 161403 (2006).
[11℄ J. C. Charlier, J. P. Mihenaud, and P. Lambin, Phys.
Rev. B 46, 4540 (1992).
[12℄ W. T. Pong and C. Durkan, J. of Phys. D 38, R329
(2005).
[13℄ Z. Y. Rong and P. Kuiper, Phys. Rev. B 48, 17427
(1993).
[14℄ J. Hass et al. (2007), ond-mat/0702540.
[15℄ J. Hass et al., Appl. Phys. Lett. 89, 143106 (2006).
[16℄ F. Guinea, A. H. Castro Neto, and N. M. R. Peres, Phys.
Rev. B 73, 245426 (2006).
[17℄ A. Bostwik et al. (2006), arXiv:ond-mat/0609660.
[18℄ S. Y. Zhou et al., Nature Physis 2, 595 (2006).
[19℄ C. Berger et al., Siene 312, 1191 (2006).
[20℄ M. L. Sadowski et al., Phys. Rev. Lett. 97, 266405 (2006).
[21℄ W. A. de Heer et al. (2007), ond-mat/0704.0285.
[22℄ M. S. Tang et al., Phys. Rev. B 53, 979 (1996).
